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In some sports competmons there IS only one facdlty (court, etc ) and so teams or mdlvlduals 
are reqmred to play at different times of day It IS desirable that these times of play be eqmtably 
dlstrlbuted for each team, consistent with the constraints imposed by some contestants being 
unable to play at certain times for occupational reasons This condltlon, treated as an additional 
requirement o those of a round-robin tournament, 1s formulated as a combmatorlal design pro- 
blem and certain cases are solved In the absence of constraints imposed by particular teams, the 
problem 1s that of a balanced tournament design (BTD) and we present a new construction for 
BTDs with certain parameter values 
0. The problem 
We consider the design of sporting tournaments where all matches must be played 
at a single facility but at different times (for example, indoor hockey or indoor 
crrcket competitrons), or at venues of different characteristics, or with the requu-e- 
ment that no team have the advantage of “learning” a particular ground (as, for ex- 
ample, in the soccer World Cup). We standardize terminology accordmg to the first 
case, and write of matches at different times. 
Matches for each round must therefore be distributed m time, from early to late, 
and a suitable tournament design (roster) may require teams (which term may in- 
clude a player in an individual sport) to have an assigned istribution of times. 
In particular, it may be desirable that teams play (as nearly as 1s posstble) equally 
often at each available time. This problem has been described and solved by 
Haselgrove and Leech [2] and by Schellenberg et al. [5], where the designs are called 
balanced tournament designs or BTDs. (We vary in taking the parameter to be the 
number n of teams, rather than +n.) 
In this paper we present another construction for some balanced tournament 
designs, and also discuss soluttons for some simple cases of that more general pro- 
blem requiring a given distribution of times. 
As an example we take the concrete problem on which we were first consulted. 
An indoor cricket roster may involve typically 6 to 17 teams, with each round played 
on the same night of the week. Two courts are available for play in one night, and 
each match can be time-tabled into one of four times (5:45,7:00,8:15 and 9:30 
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p.m.). Each team plays (or has a bye) once a week, and its matches ought to be 
distrtbuted as evenly as possible over these four times and two courts during the 
course of the tournament. Alternatively, one team may be unable to play at (for in- 
stance) the earliest ime; we were asked to investigate the implications for balance 
in the distrtbution of times for the remaining teams. 
We simplify the formulation (with no loss in generality) by supposing a single 
facility, and a single-round-robin tournament, that is, one in which each pair of 
teams meets exactly once. Thus each combination of court and physical time is 
treated as a distinguishable time for purposes of time-tabling; for multiple courts 
these times may then be re-interpreted as physical times. 
1. Notation and definitions 
We shall adhere to the notation introduced in this section throughout. Let n repre- 
sent the number of teams; we shall mostly be concerned with the practical cases 
6 in I 17. Both the number m of rounds and the number q of times required depend 
on n: 
q= L’inJ, 
t 
n, if n 1s odd m= 
n-l, if n is even 
=2#+-1. 
Here, as usual, LxJ and [xl represent the unique mtegers having least difference 
and satisfying Lx J 1x5 [xl. 
Typically we use Z,, Z,, and i2, for the sets of teams, rounds and times respec- 
tively. 
Note each team plays (n - 1) matches and the identity 
m.q=(2. r+zl-l>sL+nJ= i 
0 
obtains for the total number of pairings. 
Consider the incidence array 
A = (&j/J rE&, JE&,,, kE&,, 
over (0, 1 }, defined by 
aiJh = 
t 
1, if team I plays in round J at time k, 
0, otherwise. 
The condmons to be met by A may be written as sum condittons: 
” 
c a,)k=2 for all J, k; 
I=1 
f alJks 1 for all 1, J. 
k=l 
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Now define an n x q matrix P = (p,,J by 
P,k = the number of matches played by team I in time k 
so that the distribution of matches over times for team I is presented as the &h row 
of the matrix P. We call P the distribution matrix for the design. Then 
P,k = c,“=, a,# and the distribution matrix for any design must satisfy the following 
conditions: 
k$lP’x=“- 1 and i p,k=2m. (1) 
r=l 
In addition 1 s&k12 is the condition for a balanced tournament design. Thus for 
a balanced tournament design, the distribution matrix should have all entries equal 
to 2 in the case when n is odd; and, when n is even, P should have all entries equal 
to 2 except for exactly one entry of 1 in each row (after suitable permutations of 
rows and columns P may then be brought to the form 
P=[2E-z 1 2E-I]‘, 
where E is a matrix of the appropriate size every entry of which is 1) 
We also use the tabular form for a tournament design, namely a table of m rows 
and q columns with m and q defined as before, each entry being a distinct unordered 
pair of distinct symbols (representing teams) from an n-element set, such that each 
symbol appears at most once in each row. 
The condrtions (1) are not sufficient however: there are no tournament designs 
wrth distribution matrices 
For, in the first case, let the teams be labeled so that the first two rows (rounds) 
of the table read: 
(192) (3,419 
{I, 31 (241. 
This can be done with no loss of generality. However there remains no way of com- 
pleting the thud row so as to achieve the given distribution matrix, since team 4 must 
appear m column 1 and team 1 in column 2, yet the two teams must meet in round 3. 
In the second case, rt is clear that the teams 1 and 2 can never meet. Indeed it is 
necessary for the existence of a tournament design 
matrix also satisfy 
In the next section we present for completeness 
with times that the distribution 
some known results. 
(2) 
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2. BTDs with an odd number of teams 
In this sectron n, the number of teams, is odd, and so equal to the number of 
rounds, m. 
Tournament designs, without the requirement of balance in times, are tabulated 
(see, for example, [4, pp. 106-l 111) or can be constructed easily (see, for example, 
[l, pp. 156-1571) The followmg oft-rediscovered construction is called the crrcle 
desrgn m [2]. 
Construction 2.1. For each odd n L 3 there exists a balanced ?ournament design for 
n teams. 
Consider a “bracelet” with vertices labeled 1, 2, . . . , m = n (Ftg. 1). 
One vertex is unpaired at the top of the diagram; this team has the bye in this 
round. Other pairings are read off from the horizontal rows of the diagram, thus 
(2, m} , { 3, m - 1 ), and so on, in Frg. 1. For the next round, the bracelet is rotated, 
say clockwise, and the bye and rounds read off as before. This repeated procedure 
suffices for the m rounds; if also the position of each row is labeled with a time (so 
that, m Fig. 1 for example, teams 2 and m play at time 1, teams 3 and m- 1 at time 
2, and so on), the condition of balance in ttmes is also met, for each team plays ex- 
actly twice m each time, once on the left-hand side and once on the right. 
Note (Fig. 2) that when team r E Z has the bye, the teams x and y paired m time 
tei2 are 
x=r+t and y=r-t, 
the congruences being taken modulo m. 
We now set out thts construction m tabular form for use in later sectlons. Here 
and subsequently A represents Z,, the additive group of residue classes of the in- 
tegers modulo m. 
Construction 2.2. Let m teams and m trmes each be indexed by the elements of A. 
Let f a represent he set {a, - a> for a E A \ { 0). Index q = +<m - 1) times by a 
1 
/\ 
2 m TtmP 1 
3 m-l Tlme2 
9+l 9+2 Time 9 
Fig 1 
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r+l r-l 
x=r+ t 
(mod ml 
r-t=y Time t 
(mod ml 
Fig 2 
system of representatives from the sets + a (a E A \ (0)). Form a table of m rows and 
q columns by placing, m row r E A and column c, the unordered pair of teams x and 
y whrch satrsfy 
x=r+c and y=r-c. 
The resultmg table represents a balanced tournament design for m teams. 
Remarks 2.3. (i) The choice, as a column label, of the other element - c of the pan 
{c, - cl has the effect only of reversing the roles of x and y, and so leaves the table 
entries (unordered pairs) unchanged. 
(ii) If we permit a time c= 0, we have the solutions x=y = r in round r, time 0. 
This pairing is naturally interpreted as the bye, and column 0 as the bye time. 
(iii) Construction 2.2 also works with A any finite Abelian group of odd order 
m, in place of &. The extra generality 1s largely illusory since, in the practical 
range of values of m, the only case of odd-order non-isomorphic Abehan groups 
occurs with 9 teams. 
3. The case n=2 (mod 4) 
In this section we let n = 2p with p = 1 (mod 2), so that n = 2 (mod 4), m = 2p - 1 
and q=p. 
The following construction is new and very easrly implemented for computers. 
Construction 3.1. The construction of a balanced tournament desrgn for n=2 
(mod 4) teams IS descrrbed as an algorrthm wrth the followmg steps. 
Stage 1. Assign the teams to pairs Xl, X,, . . . ,X,, denoting the members of X, 
by xkl and xk2. 
Construct a balanced tournament design for they “class-teams” X, , X2, . . . ,X, by 
(for example) the method of Construction 2.2. Transpose, so that there are now +p 
rows and p columns, and entries are of the form {X,, X,}. Call this table T *. Note 
that each X, now appears exactly twice m each row of T* and at most once in each 
column of T*. 
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Stage 2. Repeat, for each row of the table T*, the following procedure: 
Row expansion procedure. Each pair (X,, X, } of classes will be replaced by four 
pairs of origmal teams, placed in four rows; for example, 
Thts IS done by replacing each appearance of X, m the row by a column of Its 
members, adhering to one of the following patterns of subscrtpts. 
Pattern 0 Pattern 1 Pattern 2 
I 1 1 
2 2 1 
I 2 2 
2 1 2 
Note that the column formed by reversing the subscripts belongs to the same 
pattern. 
Specrfically, the row expansion procedure is accomplished by initializing I, the 
starting index, to 1 and then repeating the following module until the row is 
complete. 
Module 2.1. Replace one occurrence of X, by its elements, using Pattern 2. Let 
the current index J be the index of the class-team paired with this (first) occurrence 
of X, and let the pattern label GI be set to 0. (*) Let the next index k be the index 
of the second class-team paired with X,. Replace the two occurrences of X, using 
reversed instances of Pattern cy. Then reset ./ + k, a + 1 - (r, and repeat from ( *) until 
X, (with starting index I) is again encountered. Replace this second occurrence of 
X, using the instance of Pattern 2 reverse to the one first used. If the current row 
IS not yet complete, let I be any unreplaced index and repeat Module 2.1 until the 
row is complete. 
Fmally pair the adjacent eam symbols. That IS to say, pair symbols x, y if they 
lie m the same row of the expanded table (that is, same original row and same row 
of a Pattern), and arose from paired classes. 
At the concluston of Stage 2, we have a table of p columns and 4. L+p J = 2(p - 1) 
rows, containing pairs of teams as entries. 
Stage 3. A final row is added to the table output from Stage 2, in which the pair 
of teams Xk= {xkl, xk2} IS placed m the column in which Xk was originally absent 
(arising from the bye in the original design for classes which was set up in Stage 1). 
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Example. We illustrate Construction 3.1 in the case n = 6, that is, p= 3. 
Stage 1. With teams 1,2, . . . . 6, put say 
X,=(1,6), x, = {2,5). x3 = (39 41, 
with the notation 
x11 = 4 x21 = 2, X31 =3, x12=6 -52 = 5, X32 = 4. 
Then T* is the table 
{X29 x3 1 1x37 Xl 1 Wl9 x21. 
Stage 2. After the replacements of the first XI, using Pattern 2, then X3, using 
Pattern 0, then X2, using Pattern 1, and finally the second occurrence of X, using 
Pattern 2 again, we have the table 
(29 41 (37 11 (6951 
(59 31 (49 11 (69 21 
(59 41 (39 61 (192) 
(29 31 (496) (195). 
&age 3. The final row 
{1,61 (29 5) (3941 
is added to the table above. 
Note that only one execution of Module 2.1 was necessary in the single row of 
T * in this example. Only when p is an (odd) composite number 1s there the possibih- 
ty of more than one application of Module 2.1 in a row. 
We now prove that this construction has the desired properties. 
hstification. There are 2(p- 1) + 1 = m rows and p= q columns, are required, 
and the symbols of each pair are distinct, since they are complements in a class X, 
in the bottom row, and belong to disjoint classes everywhere lse. The pairs are 
distinct, as guaranteed by the alternation of patterns. 
Next, let xk,eXk occur in a row of the table; it can occur only once m the bot- 
tom row, and in any other row can only occur again in the column containing the 
second occurrence of X, in the table T *. Then, by the construction, the symbol ap- 
pearing m that place has the other subscript. Thus each symbol appears at most (and 
in fact exactly) once in each row. 
Finally, let xkrtzXk; m a column derived from a column of T’ not containing 
Xk, xkr will now appear once; and in any other column xkr will appear, by construc- 
tion, exactly twice, since X, appears once in the correspondmg column of T*. 0 
A BTD is said to be factored [3,5] if in each column of the tournament able, 
there are q=+n pairs which involve all n teams; these pairs constitute a factor. 
16 D C Blest, D G AtzGerald 
Theorem 3.2. The BTD of Constructron 3.1 IS factored. 
Proof. In each group of four pairs in a column (obtained m the row expansion pro- 
cedure) there are two pairs which involve all four teams. These pans, together with 
the pair m the &al row, make up a factor. 0 
4. The “exchange” construction 
In this section n is even, and we begin with a BTD for m = n - 1 teams, formed 
according to Constructton 2.2. (We continue to use the notation from Construction 
2.2, so that A =Z, contains m elements.) 
The followmg constructton is known [2], though a full proof has not appeared; 
here we present one in a slightly more general form for our Iater purposes. 
Construction 4.1, Introduce a symbol vt$A for the nth team, and a new column 
labelled by 0 E A. In thus column (c = 0) wrote ach pair {a, v] (a E A) m the rpw m 
whrch a has the bye (a standard technrque for recovermg a round-robin tournament 
with an even number of teams from one wrth an odd number). Call this table T’. 
Exchange pairs between different columns of T’ accordmg to the pattern shown m 
Fig. 3. 
Subsequent lemmas show that the pattern of Fig. 3 exists, and state conditions 
sufficient to ensure that repetition of exchanges according to the pattern results in 
a BTD. These conditions are expressed m terms of a set M of disjoint unordered 
pairs of elements {al, a*), that is, of edges in the complete graph on A. (M is thus 
a matching ) The exchange indicated in Fig. 3 1s to be carried out for each pair 
{al, a2} belonging to M. 
Lemma 4.2. For any rl, rz E A with rl # r2, there exrsts c E A \ (0) such that the pat- 
tern of Fig. 3 holds, namely, that c representrng the class {a, - a2, a2 - al >. 
Proof. We simply examine the pairs in column c, rows rl and r2. If c=a2-al, 
these are, in row rl, 
and 
rl +c=a, +(a2-al)=a2 
rl -c=al -(a;!-a,)=2a, -a2; 
and in row r2, 
and 
r2+c=a2+(a2-al)=2a2-a, 
r2-c=a2-(a2-al)=a,. 
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time = 0 time= c 
round = r, = al {aI. vi * {a2.4 
round = r2 = a2 Cq,v> t-, h,vl 
Fig 4 The pattern T 
If c= q - a2 the same pairs result. Thus the pattern of Frg. 3 holds with 
x=2al -a2 and y=2a2-aI. El 
Theorem 4.3. Let there exist a matchmg M, consisting of k edges, m the complete 
graph on A, such that the sets 
and 
F= (2a, - a2, 2a2 - a, 1 {a,, az} EM} 
each constst of 2k dtstinct elements. Then the exchanges, for each edge {a,, a2> of 
the ~r~~~chmg M, in rows aI and a2 of the destgn T’, accordmg to the pattern shown 
m Ftg. 3, results m a tournament design wtth dtstrtbutton matrrx 
: 
m-2k I 24, k 01 q-k-l - 
----+--_-i-_-L____ 
2Ek. I 
I 
I mr,k-4c I 2&c,q-k-1 
____-f___-_+_------ 
2Ek, 1 f =k,k-Ik f 2Ek,q-k-l 
---- ----- ------- 
1 T 
En-zk-l,l 1 2&-zk-,,k 1 2’%-x-1,q-k-1_ 
Proof. By construction of T’, only the numbers of occurrences of teams m each col- 
umn need be checked. So consider column c E D (so c $0). By the conditions on M, 
there exists exactly one edge {al, a2} such that c= a1 - a2, and so column c gains 
two occurrences of team v, and loses one occurrence of each of teams x and y. Now 
x’ and y are distinct, again by the conditions on M, so that after all exchanges, col- 
umn c has one occurrence of x= 2a, - a2, one of y = 2a2 - al, and two of every 
other team, including team v. 
Now consider column 0. After all exchanges, occurrences of v have been reduced 
by 2k while occurrences of each element of F have increased from 1 to 2; the remain- 
ing elements are unaffected. Fmally, columns with cr+D are unchanged. Cl 
Result 4.4 [2]. For n = 0 or 2 (mod 6) the matching 
M=Ua, -a> laEA\{OI) 
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meets the condtttons of Theorem 4.3, wrth 
k=+(m- l)=+n- 1, 
and so leads to a balanced tournament destgn for n teams. 
Proof. In the notation of Theorem 4.3, 
and 
D={2alaEA\(O)) 
F={3alaEA\{O}}. 
Now m E 1 or 5 (mod 6), so the mappings XI-’ 2x and x- 3x (for XEA) are one-to- 
one, since A has no elements of order 2 or 3. Thus D and F each contain m - 1 
elements. Cl 
This completes the justification of Construction 4.1. 
5. Some tournament designs with given times 
By executing just some of the exchanges indicated in Construction 4.1, tourna- 
ment designs with certain distributton matrices may be constructed. 
Any subset of the matching M described m Result 4.4 also satisfies the conditions 
of Theorem 4.3 and so we have: 
Theorem 5.1. For n = 0 or 2 (mod 6) and for any r, 0 5 r < 9; there exists a tourna- 
ment design m which one team does not play m r times, but all other teams have 
balanced times. 
The original problem of Section 0, concerning a team unable to play at one 
physical time, is also solved by: 
Theorem 5.2. For each even n, wrth 65 nll6, there exists a tournament design in 
which one team does not play at 2 times, but all other teams have balanced times. 
Proof. Theorem 5.1 (with r= 1 or 2) covers all cases except n = 10 and n = 16. For 
these it is easy to find matchings of (fn - 3) edges: for n = 10, the pairs { 1,2), {3,5} 
will do, and (1, IO}, (4, 12}, {6,9}, (11, 13}, (14, 15) serve for n=l6. 
Note added in proof 
S.A. Vanstone has pointed out the close connection between the rearrangement 
of pairs in the array of [5, Theorem 2.41, and the alternating patterns of our Con- 
struction 3.1. We do not yet know whether the resulting designs are isomorphic. 
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